Summary. To navigate successfully, a mobile robot must be able to estimate the spatial relationships of the objects of interest in its environment accurately. The main advantage of a bearing-only SLAM (Simultaneous Localization and Mapping) system is that it requires only a cheap vision sensor to enable a mobile robot to gain knowledge of its environment and navigate. In this paper, we focus on the representation of the spatial uncertainty of landmarks caused by sensor noise. This representation is critical for the initialization of landmark positions in bearing-only SLAM systems. We follow a principled approach for computing the Probability Density Functions (PDFs) of landmark positions when an initial observation is made. We characterize the PDF p(r, α) of a landmark position expressed in polar coordinates when r and α are independent, and the marginal probability p(r) of the PDF is constrained to be uniform. Existing methods that approximate the PDF of a landmark position with a mixture of Gaussians do not satisfy this uniformity requirement. We also show how to use the proposed PDFs for a 2D bearing-only SLAM system that relies only on the landmark bearings measured by a panoramic camera.
Introduction
What is a Map? For a mobile robot, any spatial relationship between the objects of interest in its environment is a map. One of the fundamental challenges in mobile robotics is the SLAM (Simultaneous Localization and Mapping) problem. A SLAM system builds incrementally a map of an unknown environment from observations made by a robot.
There exist well developed solutions to the SLAM problem for the case where the mobile robot is equipped with a sensor that provides both range and bearing measurements to landmarks [12, 14] . However, the sensors these solutions rely on are considered too expensive for domestic robots. Solving the SLAM problem with cheaper sensors is highly desirable. Thanks to recent advances in computer vision and cheaper cameras, vision sensors have become popular for SLAM [1, 2, 3, 4] . Relatively accurate landmark bearings can be derived easily from an image, however, accurate distances of landmarks are more difficult to obtain from an image (especially from panoramic images). Because of the unreliability of range measurements from panoramic images, we propose to solve the SLAM problem with bearing measurements only.
One of the fundamental tasks of a SLAM system is the estimation of the landmark positions in an unknown environment. This task is called Landmark Initialization. This paper focuses on the representation of the uncertainties of landmark positions in a probabilistic framework. We characterize the PDF p(r, α) of a landmark position expressed in polar coordinates when r and α are independent, and the marginal probability p(r) of the PDF is constrained to be uniform. That is, we derive the formula of p(r, α) from these two natural hypotheses.
Section 2 reviews related work. Section 3 presents the mathematical derivations. In Section 4, we illustrate the utilization of the PDFs and show some experimental results. Section 5 discusses future work and concludes this paper.
Related work
In general, vision sensors are noisy. Dealing with sensor noise and spatial uncertainty is essential in robotic navigation. The uncertainty of an object location can be quantified with a Probability Density Function (PDF). When a robot is initially placed in an unknown environment without any prior information, the PDF of an object position should be uniform over the whole environment. Once the robot starts to sense the environment, information gathered can be used to update the PDF.
Robustness to sensor noise can be achieved with probabilistic methods such as Extended Kalman Filtering (EKF) [1, 2, 7, 11] or Particle Filtering (PF) [5, 9, 8] . EKF is computationally efficient for position tracking. However, an initial Gaussian estimate for each object position is required. This position estimate can be refined with subsequent observations. It is desirable to have an initial estimate relatively accurate. Solutions based on Gaussian estimates for solving the bearing-only SLAM problems can be found in [1, 2] . These iterative methods cause time delay for the landmark initialization. Some immediate initialization methods to bearing-only SLAM called undelayed methods of landmark initialization were introduced in [7, 11] . The common approach of the undelayed methods is to initialize each landmark by a mixture of Gaussians along the direction of the bearing measurement.
The PF algorithms follow the Sampling Importance Resampling (SIR) algorithm, also known as the Monte Carlo Localization (MCL) algorithm in robotics [5] . PF has become popular for SLAM because PF can approximate multi-modal PDF. Several solutions to bearing-only SLAM have been proposed by combining PF with vision sensor [4, 8, 10] . This paper follows a principled approach to determine the spatial uncertainty of an object position when an initial observation is made. Without distance measurement, the probability of an object position should be uniform over the sensor range. We characterize the PDF p(r, α) expressed in polar coordinates that satisfies p(r|α) = p(r) and for which the marginal probability p(r) is uniform. The difference between a Gaussian approximation and our PDF is illustrated in Fig. 1. Figures 1a and 1b Existing methods [2, 4, 7, 11] assume that the probability density distribution of the object position is a Gaussian or a mixture of Gaussians, and do not enforce the range uniformity requirement. Indeed, if only bearing information is given, the probability that the distance to the landmark is between 4 and 5 metres should be the same as the the probability that the distance to the landmark is between 5 and 6 metres. The representations with a Gaussian or a mixture of Gaussians do not satisfy this requirement (see Fig. 1a and 1b). 3 A characterization of the landmark probability p(r, α) when r and α are independent, and p(r) is uniform Let p(r, α) be the PDF of the landmark position in polar coordinates when only one observation has been made. We characterize p(r, α) when r and α are independent. Let β denote the measured landmark bearing. Assume that the vision error for the bearing is smaller than , the landmark position is contained in the vision cone which is formed by two rays β − and β + rooted at the observation point (see Fig. 2 ).
In Fig. 2 , the surface of the hashed area for small dr and dα can be approximated as:
Because the probability of the landmark being in the vision cone is 1, we have
In (1), R min and R max are the bounds of the vision range interval. We define F (R) as the probability of the landmark being in the area {(r, α) | r ∈ [R min , R], α ∈ [β − , β + ]}. This probability F (R) can be written as:
We define Ψ (R, ∆) as the probability of the landmark being in the dotted area in Fig. 2 
As the range r and the angle α are independent, Ψ (R, ∆) is constant with respect to R. That is
Because of the independence of bearing and range assumption, p(r, α) can be factored as
Thus we have
f (r) r dr. Thanks to a well-known property of the derivation of an integral with respect to its bounds, we have
From (4) and (6), we deduce that
After integrating both sides, we obtain log(f (R)) = −log(R) + c = log
Where c is some constant. Setting ξ = e c , we obtain f (R) = , and thus
We call the density function p(r, α) in (7) the impartial PDF, because it treats all r equally by making the marginal p(r) uniform. If g(α) is a Gaussian function, the PDF p(r, α) has the shape plotted in Fig. 1c. 
Application of the Impartial PDF to Bearing-only SLAM
One fundamental problem facing a robot-based mapping system is how to translate the relative positions of objects with respect to the moving frame of the robot (as well as the uncertainties of these relative positions) into relative positions with respect to a static frame in the environment. To make the problem more concrete, consider the situation where the captain of a ship sends to a rescue officer in a lighthouse the bearings (measured from the ship) with some confidence intervals of the lighthouse and a sinking boat. What the officer in the lighthouse really needs to organize a rescue is the relative position, with some confidence information, of the sinking boat with respect to the lighthouse, not with respect to the ship. The situation depicted in Fig.  3 and Fig. 4 is very similar; the robot plays the role of the captain in the ship, the pair of landmarks (L 1 , L 2 ) play the role of the lighthouse, and one of the other landmarks (L 3 , L 4 ) is the sinking boat.
In [6] , we introduce a geometric method to solve this problem when the uncertainty regions are polygons. In this paper, we extend the method to a probabilistic framework. More precisely, we represent the location uncertainty with a set of particles and adapt the Particle Filtering algorithm to transfer the uncertainty from one frame to the other. The moving frame attached to the robot, called the robot-based frame, is denoted by F R . The static frame attached to the pair of landmarks (L 1 , L 2 ), called the landmark-based frame, is denoted by F L .
Sub-section 4.1 describes how the impartial PDF of an object position can be refined with a second observation, and how to further refine the PDF with subsequent observations by Particle Filtering. In sub-section 4.2, we present experimental results using a real robot.
Refining the PDF with subsequent observations
When a second observation is made after a straight motion, the landmark position L i lies in the uncertainty region A Li which is the intersection of two vision cones rooted at the first and the second observation points O 1 and O 2 (see Fig. 3 ). We denote with p 1 and p 2 the PDFs of the landmark position computed from (7) Particle Filtering generates a particle set S i to estimate the position of L i . The position of each particle s ∈ S i is uniformly drawn from A Li . After S i has been generated, we perform an one-step importance resampling with the weight of particle s set to p(s). Figure 3 shows the generated particles for each landmark L i , i ∈ {1, 2, 3, 4}.
The coordinates of the generated particles in Fig. 3 are expressed in the robot-based frame F R . Since the robot is moving, its attached frame changes over time too. Therefore, it is necessary to change coordinate systems to express all the particles in the global frame F L . Figure 4 shows the distribution of the particles on O 1 , O 2 and L 3 , L 4 after the change of frames. Since F L is attached to (L 1 , L 2 ), there is no uncertainty on L 1 and L 2 . The PDFs of the particles of O 1 and O 2 are the products of the PDFs of S 1 and S 2 . The PDFs of the particles to represent {L j | j ∈ 3, 4} become the products of the PDFs of S 1 , S 2 and S j . Let n R be the number of particles for the PDFs of each landmark with respect to F R . The computational complexity to compute the particles for representing the PDFs of O 1 and O 2 with respect to F L is O(n 2 R ). The computational complexity to compute the particles for representing the PDF of L j with respect to F L is O(n 3 R ). In practice, a small number n R of particles (like 50) is sufficient. The number of particles generated for the PDF of L j with respect to F L is n 3 R . This set of particles is reduced to a smaller set of size n L where n L is about 300.
When two more observations from another straight movement become available, new particle sets can be generated in the same manner. Figure 5 shows after two straight movements, two particle sets generated to estimate the probability of L j . The solid arrow represents the movement at time step t− 1 and the dotted arrow represents the movement at time step t. Let S t−1 j and S t j denote the particle sets generated at t−1 and t respectively to represent the probability of L j . In can be refined with the new particle sets S t i since they are with respect to the same frame F L . Let p t denote the PDF of landmark position at time step t and q t denote the PDF of landmark position based on all the observations up to t. When a robot is initially placed in an unknown environment without observation, p 0 and q 0 are uniform over the whole environment. Once the robot starts to observe the environment, the PDFs q t can be computed recursively by merging q t−1 and p t using the same formula q t = q t−1 p t / q t−1 p t . After the merging at each time step, Particle Filtering performs an one-step importance resampling with a predetermined number of particles. The PDFs of landmark positions can be refined this way when subsequent observations become available. Figure 6 shows a simulation of the refining process while the robot moves in a polygonal trajectory in pseudo-random directions. The distribution of the particles converges gradually as the robot performs straight movements.
Experimental Results
The impartial PDF was evaluated using a Khepera robot equipped with a colour camera (176 x 255 resolution). A KheperaSot robot soccer playing field, 105 x 68 cm, was used as the experimental arena. The objective of this experiment was to evaluate the accuracy of the landmark initialization. The environmental setup were the same as the simulation in Fig. 6 .
The landmark positions were measured but unknown to the robot. The distance between L 1 and L 2 was 30 cm. A total of 40 polygonal trajectories were performed by the robot. Each trajectory consists of 10 straight movements at arbitrary directions. Two panoramic images were taken in each straight movement. Landmark bearings were extracted from the panoramic images using colour thresholding. The vision error was not greater than 3 degrees. Figure 7 shows the error on the estimation of L 3 and L 4 with respect to the number of movements. The results indicate that a few movements are enough for landmark initialization. Another experiment was carried out to analyse the sensitivity of the error with respect to n L . We employed n R = 50 particles for the PDF of each landmark with respect to F R . The generated number of particles for the PDFs of L 3 and L 4 with respect to F L was n parameter n L was tested from 50 to 1000. The results in Fig. 8 suggest that a small particle set is sufficient for estimating the positions. The confidence intervals in Fig. 7 and Fig. 8 were derived from 40 experiments for a 80% confidence level.
Conclusion
In this paper, we have followed a principled approach for computing the PDFs of landmark positions when an initial observation is made. We have characterized the PDF p(r, α) of a landmark position expressed in polar coordinates when r and α are independent, and the marginal probability p(r) of the PDF is constrained to be uniform. Existing methods that approximate the PDF of a landmark position with a mixture of Gaussians do not satisfy these natural requirements. Although for practical applications, we did not observe any statistically significant differences in accuracy between mixture of Gaussians and the impartial PDF, it can be argued that the impartial PDF has the advantage of having far fewer parameters than a mixture of Gaussians. Experimental results have shown the usefulness of this new PDF for bearing-only SLAM systems. The induced map is up to a scale factor only. The bearing values would not change if the coordinates of all objects were multiplied by the same factor. With this system, the distance L 1 − L 2 is taken as the measurement unit of the map. We have started to extend this work to situations where the landmarks are indistinguishable and can be occluded.
